In this article, a global theoretical model previously developed and validated by the authors for reinforced concrete beams under torsion is reviewed and corrected in order to predict the global behavior of beams under torsion with uniform longitudinal prestress. These corrections are based on the introduction of prestress factors and on the modification of the equilibrium equations in order to incorporate the contribution of the prestressing reinforcement. The theoretical results obtained with the new model are compared with some available results of prestressed concrete (PC) beams under torsion found in the literature. The results obtained in this study validate the proposed computing procedure to predict the overall behavior of PC beams under torsion. 
PUBLIC INTEREST STATEMENT
This article presents a theoretical study on the mechanical behavior of structural concrete, in particular of structural beams under torsion. A previous theoretical model from the authors is extended in order to be able to predict the global and realistic behavior of prestressed concrete beams under torsion. Such structural elements are widely used in special buildings and bridges. From this theoretical model, a new computational software was edited, which can be made available for researchers and structural engineers for research and structural design practice. The results of this study are also useful for future revisions of Codes of Practice for structural engineers.
Walsh, Lampert, Thurlimann, Elfgren, Müller, Collins, and Mitchell. The STA as a high historical value, it constitutes the base for torsion design of the European Model Code since 1978 and also the American Code since 1995.
Among the analytical models based on the STA, the variable angle truss-model (VATM) proposed by Hsu and Mo (1985) is probably the most used theoretical truss model to predict the ultimate behavior of beams under torsion. This model firstly aimed to unify the torsion design of small and large sections and also of RC and prestressed concrete (PC) beams. When compared to the STA, the VATM incorporates a compressive stress (σ)-strain (ε) relationship for the concrete in the struts which allows to account for the softening effect, instead of a conventional σ-ε relationship for uniaxial compression. Several authors proposed further versions of the VATM, for instance: Rahal and Collins (1996) , Bhatti and Almughrabi (1996) and Wang and Hsu (1997) . Generally, these models are only able to compute the ultimate torsional strength of the beams and are mainly focused on RC beams. VATM is able to predict the global behavior of RC and PC beams under torsion throughout the entire loading history, although very good results are observed only for high loading levels (Bernardo, Andrade, & Lopes, 2012a; Hsu & Mo, 1985) . This is because VATM assumes that the beam is extensively cracked in all levels of loading, which is true only for high level of loading. Furthermore, for low level of loading, the concrete core of solid sections (neglected in the VATM) also influences the torsional stiffness of the beams.
Recently, Hsu (2009), and Jeng, Chiu, and Chen (2010) , extended the softened membrane model, previously developed to treat theoretically RC membrane elements under shear (Hsu & Zhu, 2002) , to RC and PC beams under torsion. The new model was called softened membrane model for torsion (SMMT). Bernardo, Andrade, and Nunes (in press) extended the VATM to RC beams under torsion. The new model was called generalized softened variable angle truss-model for reinforced concrete beams under torsion (GSVATM). These analytical methods (SMMT and GSVATM) incorporate the influence of the concrete in tension in the perpendicular direction of the concrete struts and are able to predict the entire Torque (T)-Twist (θ) curve for all the loading levels. When compared with experimental data available in the literature (namely cracking and resistance torque, as well as the corresponding twists), the authors found that the theoretical predictions from the SMMT and the GSVATM are generally good. However, it was also found that the theoretical models don't predict very well the torsional stiffness of the post-cracked ascending branch of the T-θ curves, mainly for beams with lower reinforcement ratio. In general, the post-cracked stiffness is overestimated. This is because in the theoretical T-θ curves a sudden "fall" of the torques is observed after the concrete cracking (Bernardo et al., in press; Jeng et al., 2010; Jeng & Hsu, 2009 ). This behavior is not experimentally observed in RC and PC beams under torsion. This observation constitutes a drawback of the referred theoretical models because it is very important to predict well the post-cracked branch of the T-θ curves, for instance to allow to check the internal deformation and stress states of the beams for the serviceability limit states. Bernardo and Lopes (2008, 2011) developed a simple calculation procedure in order to also predict the overall theoretical behavior of RC beams under torsion. The theoretical approach was firstly performed by studying different behavioral states, each of one identified with the different states observed experimentally. These behavioral states were characterized individually by the authors by using different theories, namely:
• Linear elastic analysis in non-cracked state (State I): state characterized with Theory of Elasticity, Skew-Bending Theory, and Bredt's Thin Tube Theory;
• Linear elastic analysis in cracked state (State II): state characterized with a simplest version of the STA, assuming an angle of 45° for the concrete struts and assuming a linear σ-ε relationship for the materials; and
• Non-linear analysis: state characterized with VATM, assuming non-linear σ-ε relationships for the materials and also the softening effect for the concrete in compression.
The transition between the different theoretical states was performed by adopting semi-empirical criteria. This general approach proposed by Bernardo and Lopes (2008, 2011) has been already validated by the authors. From the comparative analysis between the theoretical predictions from the analytical model and the experimental results, the authors showed that the procedure was adequate to predict the global behavior of normal-strength (NS) and high-strength (HS) RC beams under torsion, including the post-cracked ascending branch of the T-θ curves.
In this article, the previously proposed theoretical model from Bernardo and Lopes (2008, 2011 ) is revised and corrected in order to incorporate PC beams. The theoretical predictions obtained from the new computing procedure, namely through the calculation of the overall T-θ curves, are compared with the results of some experimental tests on PC beams under pure torsion which were found in literature. In this study, only beams with uniform longitudinal prestress are analyzed because this situation is the simplest solution for the problem of pure torsion.
research significance
When applied rationally, prestress increases resistance to cracking of a RC beam under bending. This is due to the fact that prestress induces a compressive stress which opposes tensile stress caused by the bending moment (Alnuaimi & Bhatt, 2006) . Cracking can only occur when tensile stress, due to bending, exceeds compressive stress due to prestress.
Prestress also increases resistance to cracking of a RC beam under shear or under torsion. In these cases, prestress induces a compressive stress which, combined with tangential stress induced by shear or torsion, results in a state of biaxial stress (shear + compression). This state of biaxial stress delays the cracking of concrete.
In order to justify the advantages of including longitudinal prestress in beams under high levels of torsional forces, some relevant aspects should be highlighted.
Tensile strength of concrete is not incremented in direct proportion to its compressive strength. For this reason, concrete's full potential cannot be reached in structures in which resistance to cracking or ultimate member resistance is governed by tensile stresses often induced by shear or torsion. Thus, an appropriate prestress increases global resistance capacity to shear or torsion and enables a higher portion of concrete in the transversal section to be effective.
When compared with normal-strength concrete (NSC), prestress is particularly important for highstrength concrete (HSC) members because such members are expected to have less stiffness due to smaller transversal sections. Prestress can increase the stiffness of structural elements with small transversal sections and allows for a better control of deformation and cracking. Thus, prestressed HSC combines the best characteristics of HSC with the advantages of prestress technique. This is also true for structural members under shear or torsion. The study of the mechanical behavior of prestressed beams under torsion is, therefore, important.
It should be referred that the incorporation of longitudinal prestress for solving practical problems of pure torsion is a not common case. However, the incorporation of longitudinal prestress in structural elements under interaction forces, with high level torsional forces, is common cases. The torsional effects in RC beams under interaction forces still need to be studied (Bairan Garcia & Mari Bernat, 2006a , 2006b Kim & Yoo, 2006; Koechlin, Andrieux, Millard, & Potapov, 2008) .
In a hypothetical situation with pure torsion, the existence of a longitudinal compression state due to longitudinal prestress corresponds to a situation of interaction forces. Thus, a re-evaluation and correction of the theoretical models for RC beams under torsion must be carried out. So far, consistent theoretical models only exist to predict the global behavior of RC beams under torsion (Bernardo et al., 2012a; Bernardo, Andrade, & Lopes, 2012b; Bernardo & Lopes, 2008 , 2011 .
theoretical idealization of the T-θ curve
From tests of RC beams under pure torsion until failure, a typical experimental T-θ curve can be drawn (Figure 1 ). Three zones corresponding to different behavioral states can be differentiated, namely: Zone 1, Zone 2, and Zone 3 (Figure 1 ). In Figure 1 , the following parameters were used to characterize the typical experimental T-θ curve (see Figure 1) In Figure 1 , Zone 1 corresponds to the non-cracking behavior of the beam (State I). This stage can be characterized by using a linear elastic analysis in non-cracked state. In the present study, the theoretical models adopted to characterize Zone 1 are the following: Theory of Elasticity, SkewBending Theory and Bredt's Thin Tube Theory.
Zone 2 corresponds to the cracked behavior beam (State II). The upper limit of Zone 2 is attributed to the point in which elastic behavior of materials is no longer valid. Zone 2.a corresponds to a sudden increase of twist for a constant torque after T cr is reached. This zone is not easily observed in hollow beams (Bernardo & Lopes, 2009 ). The beam in State II (mainly in Zone 2.b) can be characterized with a linear elastic analysis in cracked state. In this study, the model adopted was based on the STA with concrete struts at an angle of 45° and assuming linear behavior for the materials.
State II is considered no longer valid from the point when the torsional reinforcement (longitudinal or transversal) starts to yield or when the compression concrete struts start to behave non-linearly due to the high stress level. From this point, Zone 3 begins (see Figure 1) . To characterize the behavior of the beam in Zone 3, the VATM is used considering the non-linear behavior of the materials and the softening effect for the concrete in compression in the struts. In previous articles from the authors (Bernardo & Lopes, 2008 , 2011 , Zones 1, 2, and 3 identified in the T-θ curve of Figure 1 were separately studied. To accomplish the transition within the three zones, semi-empirical criteria were established so that the theoretical T-θ curve could be entirely drawn. This procedure was accomplished for NSC RC beams (Bernardo & Lopes, 2008) and also for HSC RC beams (Bernardo & Lopes, 2011) , with plain and hollow cross sections. In the referred articles, a computing procedure was also proposed to compute the global behavior of RC beams under torsion, namely by drawing the theoretical T-θ curve. The theoretical results were compared with experimental results of tested RC beams under pure torsion. Such comparative analysis enabled to validate the proposed theoretical model and also the computing procedure.
In the following section, the theoretical models previously presented by the authors are reviewed and modified in order to cover PC beams under torsion. Only longitudinal uniform prestress is considered.
modification of the theoretical models

Criterion of concrete failure under a biaxial stress state
In order to evaluate the efficiency of prestress in increasing the resistance torque for a RC beam, it is necessary to adopt a concrete failure criterion for biaxial stress state. From that failure criterion, it is possible to compute a simple prestress factor, which is defined as the ratio between the resistance of a PC beam with respect to the resistance of a non-prestressed beam (Hsu, 1984) .
A rectangular beam under a torque, T, and under a longitudinal prestress stress, σ, is illustrated in Figure 2 . The element A, half way up the side surface of the beam, is under biaxial stress state, with a tangential stress τ due to torsion in each of the four sides and a compressive normal stress σ due to prestress in each of the vertical sides.
Failure of element A occurs when biaxial stresses reach a critical value. The failure criterion more widely accepted for concrete is Mohr's failure theory (Hsu, 1984) , which establishes that failure occurs due to the sliding of a plan inside the material. At failure, the tangential and normal stress in that plan (τ and σ, respectively) is related by the following general equation:
The relationship established by Equation 1, which constitutes a characteristic of the material, is illustrated in Figure 3 (a). This relationship, which represents the failure envelope, may be obtained through experimental tests on concrete samples until rupture for several stress conditions, namely: uniaxial compression, uniaxial tension, and pure shear (Mohr's Circles C 1 , C 2 and C 3 in Figure 3 (a), respectively). In Figure 3 (a), the dashed circle represents an arbitrary biaxial stress condition. The Mohr's failure envelope was simplified by Cowan (1952) , through two straight lines BD and DE (Figure 3(b) ). From this simplified criterion, Cowan derived the following two equations which express, adimensionally, the shear stress due to torsion, τ, at failure as function of the normal stress σ: 
Linear elastic behavior in non-cracked state (State I)
For the non-cracked state, classical theories still continue to be used to characterize the torsional effect in beams (Romano, Barretta, & Barretta, 2012) . The Theory of Elasticity, Skew-Bending Theory, and Bredt's Thin-Tube Theory, to characterize the linear elastic behavior in non-cracked state of RC beams under pure torsion as previously used by the authors (Bernardo & Lopes, 2008 , 2011 , must be corrected in order to be applied to PC beams. The original formulations of the earlier theories used by the authors for RC beams are summarized in Table 1 .
By using Cowen's failure criterion (Cowan, 1952) , and according to Hsu (1984) , the effect of prestress may be included through a simple prestress factor assuming that, at this behavior stage, the effect of the torsional reinforcement may be neglected. For torsion problems, the prestress factor must be based on concrete uniaxial tensile stress, f ′ t (Hsu, 1984) . Assuming that f In order to calculate the cracking torque for a prestress beam, T P cr , the original equations to compute T cr (RC beam) from each theory (see Table 1 ) must be multiplied by the prestress factor, γ:
The general calculation, as previously presented by the authors for RC beams (Bernardo & Lopes, 2008 , 2011 , in order to predict the behavior in State I (namely to compute T cr , I cr and (GJ) I ), remains unchanged (see Table 1 ). In order to consider the influence of reinforcements to compute the effective cracking torque, the total reinforcement ratio, ρ tot , may or may not account for the longitudinal prestress reinforcement. If the prestress reinforcement is bonded to the concrete and if it is located in the external region of the section, then it can be considered effective to compute the cracking torque and should be included in ρ l, tot according to Equation 6: 
HSC beams HSC beams
theory of Elasticity 
= twist corresponding to T cr
where A p is the area of longitudinal prestress reinforcement and n = E p /E s , being E s and E p the Young's modulus for the ordinary and prestress reinforcement, respectively.
The other parameters in Equation 6 are defined in Table 1 .
Linear elastic behavior in cracked state (State II)
After the decompression, a PC beam under torsion behaves similarly to a RC beam under torsion. Thus, prestress only affects the equations for the beam's longitudinal equibrium. The unique change in the equations for this behavior stage (see Table 2 ) is the introduction of the influence of the longitudinal prestress reinforcement. Such influence is introduced in the same way as explained in Section 4.2 for State I, by computing the total longitudinal reinforcement ratio ρ l, tot (Equation 6 ). This ratio substitutes ρ l in the equations for State II (see Table 2 ).
For the longitudinal equilibrium equations, it is necessary to calculate the stress in the prestress reinforcement, f ps , previously knowing the strain, ε ps . By using the concept of concrete decompression, the strain in the prestress reinforcement is calculated from:
where ε dec is the strain in the prestress reinforcement at decompression and ε l is the strain in the ordinary longitudinal reinforcement (ε l = σ l /E s ).
When prestress is applied, an initial tensile strain in the longitudinal prestress reinforcement and an initial compressive strain in the longitudinal ordinary reinforcement, ε li , are imposed. Such strains are calculated as follows:
where f pi is the initial strain in the prestress reinforcement, E c is the Concrete Young's modulus, A c is the area limited by the outer perimeter of the transversal section of concrete, and A h is the area of the hollow section part (for plain sections A h = 0). When the torque increases in a PC beam, the compressive strain in the longitudinal ordinary reinforcement decreases until it becomes null (at decompression). The strain in the longitudinal prestress reinforcement at decompression is:
For torque levels higher than the torque corresponding to ε dec , the PC beam behaves similarly to a RC beam.
Since the stresses immediately after the decompression stage are relatively low, a linear σ-ε relationship may be assumed for the prestress reinforcement. Thus, the stress in the prestress reinforcement, f ps , may be calculated from:
Following the same methodology as for RC beams (Bernardo & Lopes, 2008 , 2011 
Transition between linear elastic analysis in non-cracked and cracked states
The same criteria proposed by the authors and validated for RC beams under torsion (Bernardo & Lopes, 2008 , 2011 , for the transition between the two early states of behavior, will be also adopted for PC beams. 
Non-linear analysis
The original formulation for non-linear analysis based on VATM, for RC beams under torsion, is presented in Table 3 . As referred in Section 4.3, in order to account for the influence of prestress reinforcement, the force in the ordinary longitudinal reinforcement (A l f l ) must be substituted by the total force including both the ordinary and the prestress reinforcement (A l f l + A ps f ps ). Thus, the new equations to compute the angle of the concrete struts, α, and the effective thickness of the concrete struts, t d , are: All the remaining equations of VATM for RC beams under torsion (equilibrium and compatibility equations) remains unchanged for PC beams (see Table 3 ).
A classical bilinear σ-ε relationship (with horizontal landing after yielding) is assumed for the ordinary reinforcement. For prestress reinforcement, the Ramberg-Osgood equation (Hsu & Mo, 1985) will be used to describe the σ-ε relationship ( Figure 5 where f pu is the failure tensile stress of prestress reinforcement and R is the coefficient determined from experimental tests and equal to 4.38 for common prestress steel (Hsu & Mo, 1985) .
Since Equation 15 is not exactly linear for low stress levels, it can only be used above the proportional conventional limit stress f p0.1% (corresponding to a strain limit of .1%). Below this limit, a linear relationship can be used (Equation 11), by adjusting E p so that Equations 11 and 15 coincide at the limit point corresponding to f p0.1% .
For PC beams, parameter η, which represents the ratio between the transversal and longitudinal reinforcement tensile forces (Table 3) , must be corrected in order to account for the influence of the longitudinal prestress reinforcement:
The original flowchart for the algorithm previously proposed by the authors (Bernardo & Lopes, 2008 , 2011 to compute the T-θ curve from VATM for RC beams under torsion can also be used, with some corrections, for PC beams under torsion. The new algorithm flowcharts are illustrated in Figure 6. 
Transition between linear elastic analysis in cracked state and non-linear analysis
Te same criteria proposed and validated by the authors (Bernardo & Lopes, 2008 , 2011 for RC beams under torsion and for the transition between the two early states of behavior will also be adopted for PC beams. For the ductile failure (Figure 7) , it is assumed that the linear cracked state is valid until the torsional reinforcement (transversal and/or longitudinal) yields. Once the transition point is defined, Δθ is calculated from Δθ = θ y − II y (see Figure 7) . Then, the non-linear zone of the T-θ curve is horizontally shifted to the left by Δθ to reset the continuity of the whole curve. Figure 8 shows the procedure to perform the transition when the concrete in the struts reaches its ultimate strain before the yielding of the torsional reinforcement. The transition point is defined from the slopes of the curves from both states: linear cracked and non-linear sates (there's a point from which the slope of non-linear state curve equals the slope of the linear state curve). The torque level of this point is identified in Figure 8 by T A . The corresponding twists are: II A and θ A . Δθ is the value of the horizontal shift of the non-linear branch of the curve to the left to make the whole curve continuous. 
(a) (b)
Notes:
(1) See Table 3 and (2) Eurocode 2 (2010).
Comparative analysis with experimental results
Based on the theoretical models and criteria described in Section 4, the computing procedure previously developed and validated by the authors for RC beams under torsion (Bernardo & Lopes, 2008 , 2011 is extended in order to compute the T-θ curve for NS and HS PC beams under pure torsion, with rectangular plain and hollow cross-section. In order to validate the computing procedure, the predictions will be compared to some experimental results available in the literature.
The amount of experimental studies focused on PC beams under torsion is limited. Furthermore, some of the tests reported in literature cannot be used in this study for some reasons. For instance, some older studies simply do not meet the basic design recommendations found in current codes of practice (minimum reinforcement, maximum spacing, minimum wall thickness of hollow sections, etc.). In these cases, beams show atypical behaviors. In some other experimental studies, the authors present an average twist for all the beam length, and not the twist of the critical section. Therefore, concentrated twists on the critical section cannot be derived from tests. In this case, the experimental twists cannot be directly compared with the theoretical predictions because these latter represent the twists in the critical section. This aspect is particularly important in slender beams because failure zone is located in a small region of the beam.
As a consequence, experimental tests related with only five prestressed beams under torsion found in literature will be used for comparative analysis. In these tests, the rotations were recorded in the failure zone of the beams, which enabled comparative analysis with theoretical predictions. The beams are the following ones: Beams P2 and P3 (Mitchell & Collins, 1974) , Beam P8 from (Hsu, 1984) and Beams D1 and D2 (Bernardo, 2003) . The experimental results of these beams enable to plot the full T-θ curves in the critical zone. Such curves are illustrated in Figures 9-13 , where f cp represents the initial concrete stress due to prestress. I calc ) was calculated for the two limit values of the minorative factor K = .7 and K = 1 (Bernardo & Lopes, 2008) . The quotients between the experimental and theoretical values of the several parameters are also presented. Table 1 shows that for beams with plain section, it is not very clear which theory generally leads to the best predictions for the cracking torque. For beams with hollow sections, the best prediction of the cracking torque is obtained with Bredt's Thin-Tube Theory. Despite the limited number of tested beams, it is possible to state that the trend is similar to the one observed in previous articles (Bernardo & Lopes, 2008 , 2011 related with RC beams with hollow section. Table 4 shows considerable deviations for all the beams between the theoretical and experimental values of the torsional stiffness in State I ((GJ) I ). It is possible that the difficulty associated to the experimental measurements of very low twists at this stage led to an inconclusive analysis. (external prestress), the calculation of (GJ) II should not include the influence of prestress reinforcement. For Beam P2 (prestressed reinforcement located in the peripheral shell area of the section) the calculation of (GJ) II should include the influence of prestress reinforcement. Table 5 shows excellent predictions for the ordinate at the origin, ηT c , of the straight line of linear elastic behavior in State II. Except for Beam P3, the predictions for the torsional stiffness in State II, (GC) II are good. For the non-linear state, Table 3 generally shows good predictions, namely for the maximum torque.
Despite the limited number of experimental results, it seems to be possible to state that the corrections introduced in the equations of the theoretical models described in Section 4, in view to predict the theoretical behavior of PC beams under torsion, are valid. Tables 4-6 , through the T-θ Curves. For the theoretical point related to the cracking torque and for the torsional stiffness, the best predictions from Table 1 
Conclusions
In this article, some corrections were introduced in a global theoretical model previously proposed by the authors for RC beams under torsion in order to predict the global behavior of beams under torsion with uniform longitudinal prestress. These corrections were based on the introduction of prestress factors and on the modification of the longitudinal equilibrium equations for the non-linear stage. 
